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ABSTRACT
We investigate in more detail the origin of chromospheric Alfve´n waves that give rise to the sep-
aration of ions and neutrals, the First Ionization Potential Effect (FIP), through the action of the
ponderomotive force. In open field regions, we model the dependence of fractionation on the plasma
upflow velocity through the chromosphere for both shear (or planar) and torsional Alfve´n waves of
photospheric origin. These differ mainly through their parametric coupling to slow mode waves. Shear
Alfve´n waves appear to reproduce observed fractionations for a wider range of model parameters, and
present less of a “fine-tuning” problem than do torsional waves. In closed field regions, we study the
fractionations produced by Alfve´n waves with photospheric and coronal origins. Waves with a coronal
origin, at or close to resonance with the coronal loop, offer a significantly better match to observed
abundances than do photospheric waves, with shear and torsional waves in such a case giving essen-
tially indistinguishable fractionations. Such coronal waves are likely the result of a nanoflare coronal
heating mechanism, that as well as heating coronal plasmas releases Alfve´n waves that can travel
down to loop footpoints and cause FIP fractionation through the ponderomotive force as they reflect
from the chromosphere back into the corona.
Subject headings: Sun: abundances — Sun: chromosphere — waves — turbulence
1. INTRODUCTION
The First Ionization Potential (FIP) Effect is the by
now well known abundance anomaly in the solar corona
and slow speed solar wind, whereby elements such as Fe,
Si, and Mg with FIP less than about 10 eV, i.e. those el-
ements that are predominantly ionized in the solar chro-
mosphere, are enhanced in abundance in the solar corona
with respect to solar photospheric values by a factor of
about three. High FIP elements are generally unchanged,
although He and Ne can also show abundance depletions.
First discovered by Pottasch (1963), a compelling expla-
nation in terms of the ponderomotive force arising as
Alfve´n waves propagate through or reflect from the chro-
mosphere has been advanced (Laming 2004, 2009, 2012,
2015).
The ponderomotive force, discussed in more detail in
section 2 and in the Appendix, arises from the combined
effects of the reflection and refraction of Alfve´n waves on
the plasma ions. Plasma neutrals are not affected, since
the waves are fundamentally oscillations of the magnetic
field. The time averaged ponderomotive force is gener-
ally directed upwards in the solar chromosphere, giving
rise to an enhancement of ions over neutrals. In special
conditions, a downwards pointing force can arise instead,
depleting the ions to give rise to an “Inverse FIP Effect”,
as seen recently near a sunspot (Doschek et al. 2015),
and in the coronae of stars of later spectral type than
the Sun (Wood et al. 2012).
The time varying part of the same ponderomotive
force is also responsible for the excitation of acoustic
waves by a parametric instability (e.g. Hollweg 1971),
and these acoustic waves can inhibit the FIP fraction-
ation. Consequently while the explanation of the FIP
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Effect in terms of the ponderomotive force may be con-
sidered “compelling”, much scope remains for subtle de-
tails of the fractionation to be influenced by details of
wave-wave interactions in the chromosphere, and by the
precise origin of the Alfve´n waves. Such topics will be
a great interest for the forthcoming solar missions Solar
Orbiter (Mu¨ller et al. 2013) and the Parker Solar Probe
(Fox et al. 2016).
The traditional view is that Alfve´n waves, presum-
ably resulting ultimately from the mode conversion of
p-modes (see e.g. Cally 2017), or from other interactions
of photospheric acoustic energy with magnetic flux tubes
(see discussion in Cranmer & van Ballegooijen 2005) are
injected into a coronal loop through the chromospheric
footpoints from below. Unless a coincidental match be-
tween the wave frequency and the loop resonance ex-
ists, significant reflection of waves back down to the pho-
tosphere occurs (Hollweg 1984; van Ballegooijen et al.
2011). Alternatively, waves generated in the corona
will naturally be on resonance (e.g. Ruderman & Roberts
2002; Dahlburg et al. 2016), at least until chromospheric
evaporation or other activity changes the coronal Alfve´n
speed or loop length. Such waves reflect from the top
of the chromosphere back into the corona. One of the
conclusions of this paper will be that the observed FIP
Effect strongly favors these resonant waves, and hence a
coronal origin for the Alfve´n waves.
Further, differences may also occur between shear (or
planar) and torsional Alfve´n waves. Historically shear
Alfve´n waves, appropriate to an unstructured solar
atmosphere, have received most attention, though recent
observations have indicated the presence of torsional
waves in spicules (De Pontieu et al. 2012; Sekse et al.
2013) and in other regions of the chromosphere and
transition region (Jess et al. 2009; De Pontieu et al.
2014). Cally (2017; see also Mathioudakis et al. 2013;
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Jess et al. 2013) give a thorough review of solar
observations and interpretations in terms of the various
manifestations of planar or torsional Alfve´n(ic) waves.
While these different waves obey the same Alfve´n wave
transport equations (see e.g. Heinemann & Olbert
1980; Khabibrakhmanov & Summers 1997;
Cranmer & van Ballegooijen 2005), they have dif-
ferent parametric couplings to acoustic waves, and
potentially different FIP fractionation may result.
In this paper we investigate the effect of differing ori-
gins and polarizations of Alfve´n waves on the FIP frac-
tionation pattern. Section 2 treats the coupling of tor-
sional and shear Alfve´n waves to slow mode waves, in-
cluding the effects of an upward plasma flow. The frac-
tionation is also subtly changed by this upward flow. Sec-
tion 3 gives fractionation results for the open magnetic
field of a coronal hole, while section 4 gives the corre-
sponding results for a closed coronal loop. Section 5
concludes, with some technical details concerning deriva-
tions of the expression for the ponderomotive force and
equations governing the torsional Alfve´n waves given in
Appendices.
2. COUPLING TO SLOW MODE WAVES
2.1. Torsional Alfve´n Waves
Torsional Alfve´n waves are rotational oscillations of
a cylindrical plasma structure, of higher density than
its surroundings. To keep the gas pressure perturba-
tion zero as in an Alfve´n wave, an incompressible dis-
placement must be directed perpendicularly to the pres-
sure gradient. Thus in a cylindrical plasma column with
untwisted magnetic field, the incompressible waves are
torsional oscillations (Vasheghani Farahani et al. 2010).
Vasheghani Farahani et al. (2010, 2011) treat an ideal
case with a discontinuity in gas pressure and density
at the periphery of the (assumed circular) flux tube,
whereas the possibly more familiar planar Alfve´n wave
applies in the case of infinite and uniform plasma. Obvi-
ously a continuum of cases will exist between these two
idealizations, depending on the density or pressure gradi-
ents in the background plasma. However in what follows,
we will restrict ourselves to comparing between these two
limits.
The coupling of torsional Alfve´n waves to slow mode
waves is treated by Vasheghani Farahani et al. (2011),
for the axisymmetric (m = 0) case, extending as far
as linear terms in compressible variables. We follow
their treatment and extend to arbitrary m, where the
azimuthal variation of the perturbation is given by
exp imφ, and include a background density gradient as
seen in the simulations of Del Zanna et al. (2005) and in-
cluded in the treatment of shear Alfve´n waves in Laming
(2012), given by the usual hydrostatic stratification of
the chromosphere. The corona is expected and observed
to exhibit a filamentary structure (e.g. Dahlburg et al.
2012; Testa et al. 2013), where the transverse filament
dimension is comparable to the longitudinal density scale
height in the chromosphere, both of which are much
smaller than the Alfve´n wave wavelength. Consequently
the thin flux tube approximation is valid. The linearized
equation of motion is
ρ
∂δv
∂t
+ ρ (δv · ∇δv) = J×B−∇δP − gδρ (1)
for perturbed velocity, pressure and density δv, δP , and
δρ respectively, with other symbols having their usual
meanings. In the z-direction (in cylindrical coordinates,
and neglecting the displacement current, with B and g
along z)
ρ
∂δvz
∂t
= − 1
4π
(
δBr
∂δBr
∂z
+ δBφ
∂δBφ
∂z
)
− ∂δP
∂z
− gδρ
(2)
We recognize the first term in brackets (· · ·) on the right
hand side as the ponderomotive force. For standing
waves, such as in coronal loops, it can be rewritten as
−
∂
(
δB2r + δB
2
φ
)
8π∂z
=
∂ (ǫ− 1)
(
δE2r + δE
2
φ
)
8π∂z
=Σj
mjc
2
2
∂
(
δE2r + δE
2
φ
)
/B2
∂z
, (3)
where ǫ− 1 = Σkω2pk/Ω2k = c2/V 2A = Σj4πmjc2/B2 with
Σk being a sum over over particle species k with plasma
frequency ωpk and cyclotron frequency Ωk, and Σj being
a sum over over particles j each with mass mj in the
volume in which the density is measured. This leads to
an instantaneous ponderomotive force on each particle
of mjc
2∂
(
δE2r/B
2 + δE2φ/B
2
)
/∂z/2. In fact as shown
in the Appendix A, this last form for the ponderomo-
tive force is more general than the negative gradient of
the magnetic energy, which only holds in the WKB ap-
proximation, and can be derived from the more general
form within this approximation. Note the change of sign
between the initial and final expressions in equation 3,
due to the relative phases of δB and δE in the standing
wave. This sign change was omitted in equation 14 of
Laming (2012). To lowest order this sign change makes
no difference, but when higher order terms are included,
it reduces slightly the resulting slow mode wave ampli-
tudes given in that paper.
In the r-direction Vasheghani Farahani et al. (2011)
give (their equation 4)[
P +
BδBz
4π
]
r=0
− A
2π
ρ
∂
∂t
(
δvr
r
)
− AB
16π2
∂2δBz
∂z2
=Pext +
AJ2
8π2
− AΩ
2
2π2
, (4)
where J = δBφ/r, Ω = δvφ/r and A is the area of the flux
tube cross section. While J and Ω should be generalized
form > 0 for our purposes, in fact ultimately these terms
tend to zero in the thin flux tube approximation, leaving
∂δP
∂t
= − B
4π
∂δBz
∂t
=
B2
4π
(
δvr
r
+
mδvφ
r
)
cosmφ, (5)
where we have substituted for ∂δBz/∂t from the induc-
tion equation;
∂δB
∂t
= ∇× (δv ×B) , (6)
expanded following equation B1 in Appendix B be-
low. Substituting for (δvr +mδvφ) /r from the conti-
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nuity equation;
∂δρ
∂t
+ρ∇·v = ∂δρ
∂t
+ρ
∂δvz
∂z
+ρ
(
δvr
r
+
mδvφ
r
)
cosmφ = 0,
(7)
into equation 5 yields
∂δP
∂t
=
−B2z
4πρ
(
iωδρ+ ρ
∂δvz
∂z
)
(8)
with δρ ∝ exp (iωst). Differentiating equation 8 again
with respect to t, and substituting from equation 2,
where cs is the sound speed, δP = δρc
2
s, and VA =
Bz/
√
4πρ is the Alfve´n speed, gives
c2s
V 2A
∂2δρ
∂t2
=ω2sδρ+
∂2δP
∂z2
+ g
∂δρ
∂z
(9)
− ∂
∂z
{
ρc2
2
∂
∂z
(
δE2r + δE
2
φ
B2z
)}
+
∂ρ
∂z
∂δvz
∂t
.
which with ∂ρ/∂z = ρ/L, iωsδρ = − (iks + 1/L)ρδvz,
∂δρ/∂z = (iks + 1/L) δρ and ∂δvz/∂z = iksδvz (Laming
2012) becomes
δρ
{
ω2s
(
c2s + V
2
A
)
+ c2sV
2
A (iks + 1/L)
2
+ V 2Ag (iks + 1/L)
}
= V 2A
∂
∂z
{
ρc2
2
∂
∂z
(
δE2r + δE
2
φ
B2z
)}
− iωρV
2
A
L
δvz . (10)
The first term in curly brackets on the left hand side,
ω2sc
2
s, is new and does not appear in the treatment of
shear Alfve´n waves (see below, subsection 2.4), and leads
to different properties of the coupling of torsional Alfve´n
waves to slow modes (e.g. Vasheghani Farahani et al.
2011). Identifying
ωs=2ωA/n
ℜks=
√
(2ℜkA/n)2 − g2/4c4s
ℑks=−g/2c2s
L=−c2s/g (11)
where n is an integer, (see e.g. Landau & Lifshitz 1976),
we find
ω2sδρ =
∂
∂z
{
ρc2
2
∂
∂z
(
δE2r + δE
2
φ
B2z
)}
− iωρ
L
δvz , (12)
where the new term ω2sc
2
s = 4ω
2
Ac
2
s/n
2 cancels exactly
with the term in 4k2AV
2
Ac
2
s/n
2. Thus unlike the case of
shear Alfve´n waves, resonant generation of sound waves
when VA = cs does not occur with torsional Alfve´n
waves, as in Vasheghani Farahani et al. (2011). Integrat-
ing by parts, equation 12 can be rewritten as
δvz=− ic
2
2ωs
(
1 + iksL
2 + iksL
)
∂
∂z
(
δE2r + δE
2
φ
B2z
)
=− i
2ωs
(
1 + iksL
2 + iksL
)
∂
∂z
(
δv2r + δv
2
φ
)
(13)
since δE = δv×B/c. The parametric generation of sound
waves by torsional Alfve´n waves is lower than for shear
Alfve´n waves because the possibility of a resonance does
not exist.
2.2. Inclusion of Plasma Flow
We introduce a steady plasma flow velocity U = U zˆ,
where zˆ is a unit vector in the z-direction and ∂U/∂t = 0
into equations 1 and 7. We assume U << cs for the
time being, so that the background chromospheric den-
sity profile is not changed. Equation 12 becomes(
ω2s +
iωsU
L
)
δρ =
∂
∂z
ρc2
2
∂
∂z
(
δE2r + δE
2
φ
B2z
)
(14)
− ∂
∂z
{
ρUδvz
(
iks − 1
L
)
− δρU
2
L
}
− iωsρ
L
δvz,
which after substituting iωsδρ = − (iks + 1/L)ρδvz and
integrating by parts gives{(
ωs +
iU
L
)2
+
ωs
ks
U
L2
(
1 + k2sL
2
)− iksU2
L
+
ω2s
1 + iksL
}
δvz
= −iωsc
2
2
∂
∂z
(
δE2r + δE
2
φ
B2z
)
. (15)
In steep density gradients, ksL << 1 and the second
term in brackets [...] on the left hand side can dominate
if U > 0, reducing δvz .
2.3. Back Reaction of Slow Modes on Alfve´n Waves
The term on the right hand side of equation 15 is un-
packed as follows
−iωsc
2
2
∂
∂z
(
δE2
B2z
)
=−iωs
2
∂
∂z
(
δB2
4π (ρ+ δρ)
)
(16)
≃−iωs
2
∂
∂z
(
δB2
4πρ
[
1− δρ
ρ
+ ...
])
≃ ωskAδV 2A+ δvzδV 2A
(
kAks − k
2
s
2
− ikA
L
+ i
ks
2L
)
,
where δV 2A = δB
2/4πρ and ∂δV 2A/∂z = 2ikAδV
2
A,
and iωsδρ = − (iks + 1/L)ρδvz as before. The extra
terms in δvz have the effect of reducing the slow mode
wave amplitude in the regions of steep density gradi-
ent, where the Alfve´n wave becomes evanescent (see e.g.
Rakowski & Laming 2012). Ignoring for the time being
the flow velocity,
δvz =
ωskAδV
2
A
ω2s − δV 2A (kAks − k2s/2− ikA/L+ iks/2L)
(17)
→ kAδV
2
A
ωs
where ℜkA → 0, ℜks → 0
→ ωskAδV
2
A
ω2s − (1− i/2ℜkAL+ 1/4ℜkAL) δV 2Ag2/16c4s
otherwise, after putting ℑkA = 1/4L, ℑks = 1/2L, and
(ℜks)2 = 4 (ℜkA)2 − g2/4c2s. Equations 17 indeed give
lower δvz when ℜkA = 0.
2.4. Shear Alfve´n Waves Revisited
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We give here the corresponding equation for shear
Alfve´n waves,{(
ωs +
iU
L
)2
+ ωsksU − iωsU
L
− iksU
2
L
−k2sc2s − iksg − δV 2A
(
kAks − k
2
s
2
− ikA
L
+ i
ks
2L
)}
δvz
= −iωsc
2
2
∂
∂z
(
δE2r + δE
2
φ
B2z
)
. (18)
This is slightly different to equation 14 from Laming
(2012) to the same order in δvz for an assumed isother-
mal chromosphere (γ = 1), (and with the sign of the
ponderomotive force corrected), although numerical re-
sults are very similar. The reason for the difference is
that we have taken a linear relation between δρ and δvz ,
iωsδρ = − (iks + 1/L)ρδvz , whereas Laming (2012) took
higher orders into account.
2.5. Slow Mode Waves from Convection
The different couplings of shear and torsional Alfve´n
waves to slow mode waves are the features that give rise
to the subtly different fractionation patterns the waves
produce, as will be shown below. Another source of
slow mode wave derives from convection below the pho-
tosphere. Heggland et al. (2011) model this process, re-
sulting in upgoing acoustic waves in the chromosphere,
with an amplitude approximately constant with altitude
of order 7.0 km s−1 (see also Figure 3ab in Vieytes et al.
2005; Carlsson et al. 2015; Kato et al. 2011) in the region
where strong wave transmission upwards from the pho-
tosphere occurs. The amplitude growth that would be
expected as the wave travels upwards in progressively
decreasing density of the chromosphere is presumably
balanced by energy losses to radiation and thermal con-
duction. This wave amplitude is added in quadrature
to the amplitude of parametrically generated slow mode
waves for use in model calculations. If the resulting am-
plitude is greater than the local sound speed, such that
a shock would develop, all fractionation is switched off.
The rationale for this is that the discontinuity associated
with a shock front will cause cause reflection of upgoing
sound waves once overtaken by the shock. Downgoing
and upgoing waves can interact and cause a cascade to
microscopic scales. The mixing connected with this cas-
cade will inhibit all further fractionation.
2.6. Model Calculations
We model Alfve´n wave propagation on a model loop
anchored in the chromosphere at each end, largely fol-
lowing the extensive description given in Laming (2015).
The chromospheric model is taken from Avrett & Loeser
(2008), which gives the plasma density, electron tem-
perature, and ionization fraction of hydrogen as a
function of altitude above the photosphere. Ioniza-
tion fractions for other elements are calculated us-
ing atomic collisional data tabulated in Mazzotta et al.
(1998), Bryans et al. (2009), Nikolic´ et al. (2013) and
Kingdon & Ferland (1996). Photoionization rates are
evaluated using coronal spectra incident from above
based on Vernazza & Reeves (1978) or more modern cal-
culations Huba et al. (e.g. 2005), with photoionization
cross sections from Verner et al. (1996).
Alfve´n wave propagation is treated in a chromospheric
magnetic field model given by Athay (1981), typically
with an expansion of a factor of 5 between the photo-
sphere and corona, where the field is straight and uniform
(the coronal loop is taken to be straightened out with
a chromosphere at each end). The Alfve´n wave trans-
port equations are given by Cranmer & van Ballegooijen
(2005) and Laming (2015), and are
∂I±
∂t
+ (u∓ VA) ∂I±
∂z
= (u± VA)
(
I±
4L
+
I∓
2LA
)
(19)
where I± = δv ± δB/
√
4πρ are the Elsa¨sser variables
representing waves propagating in the ∓ z-directions.
Given the Alfve´n wave profile, the ponderomotive force
is calculated from equations A2 or A7, divided by a fur-
ther factor of two to account for the average force in
terms of the peak electric field fluctuation δE. The chro-
mospheric model employed here is not specifically a loop
footpoint chromosphere, and so any effect of the coro-
nal Alfve´n waves on the chromospheric structure must
be accounted for. This is treated by Laming (2015),
who rewrites the equation for a gravitationally strati-
fied hydrostatic equilibrium, including the ponderomo-
tive force, which in turn depends on the resulting density
gradient. This modification begins to set in at pondero-
motive accelerations around 106 cm s−2 and ultimately
leads to saturation. It makes a small difference to the
fractionations calculated here, but is included because
it also allows fractionations relative to hydrogen to be
computed (instead of just oxygen as was done until now,
e.g. Laming 2015). This modified expression for the pon-
deromotive acceleration is
a =
a0
1 + (ξh/4) (νeff/νhi) (δv2/v2h)
(20)
where νeff = νhiνhn/ (ξhνhn + (1− ξh) νhi) is the effec-
tive collision frequency of element h (in this case hydro-
gen) in terms of its collision frequencies when ionized νhi,
and when neutral νhn, and v
2
h = kBT/mh+v
2
sm+v
2
µturb is
the square of the hydrogen speed, in terms of its thermal
speed, the amplitude of slow mode waves propagating
through the chromosphere, and the amplitude of micro-
turbulence in the chromospheric model. Since the pon-
deromotive force separates ions from neutrals, its effect
on the background plasma to smooth out density gradi-
ents depends on the coupling between ionized and neutral
hydrogen, and is strongest in regions where hydrogen is
fully ionized (ξ = 1). This modification to the density
scale length is also applied to L in equation 11.
With these definitions, the fractionation by the pon-
deromotive acceleration for element k (with ions and neu-
trals of element k denoted by ki and kn respectively) is
given by solving the momentum equations
ρkiuki
∂uki
∂z
+
∂Pki
∂z
=−ρkig − ρkiνki (uki − u) + ρkia
ρknukn
∂ukn
∂z
+
∂Pkn
∂z
=−ρkng − ρknνkn (ukn − u) . (21)
These are the same momentum equations as given else-
where (e.g. Laming 2015), but with inertial terms added
on the left hand side to account for the plasma flow. Fol-
lowing Schwadron et al. (1999) we form νkn∂Pki/∂z +
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Fig. 1.— The chromospheric portion of the open field model. Top left shows the density and temperature structure of the chromosphere.
Top right shows chromospheric ionization fractions for selected elements, low FIPs in black to be read on the left hand axis, and high FIPs
in red to be read on the right. Bottom right show the variation of the components of the Elsa¨sser variables for the five wave frequencies
considered, real parts in black and imaginary parts in red, and bottom left shows the corresponding wave energy fluxes.
νki∂Pkn/∂z to find
∂
∂z
(
Pk + ρku
2
k
)
=
νeffξkaρk
νki
(22)
where Pki = ξPk, Pkn = (1− ξ)Pk, ρki = ξρk, ρkn =
(1− ξ) ρk, and we have approximated
ρkνeff
(
ξk
νki
uki
∂uki
∂z
+
1− ξk
νkn
ukn
∂ukn
∂z
)
≃ρkuk ∂uk
∂z
=
∂ρu2k
∂z
(23)
since ρkuk = constant in the final step. We put Pk =
ρk
(
kT/mk +Σv
2
||/2
)
where the terms in brackets are
the ion thermal speed and a quadrature sum over all
nonthermal longitudinal velocity oscillations, slow mode
waves, microturbulence, etc. The fractionation is eval-
uated from equation 22 by splitting the integration up
into pieces where kT/mk +Σv
2
||/2+ u
2
k is approximately
constant and calculating
ρk (zu)
ρk (zl)
= exp


∫ zu
zl
2ξkaνeff
νki
(
2kT/mk +Σv2|| + 2u
2
k
)dz

 .
(24)
in each piece, where uk is specified to give zero frac-
tionation in the absence of a, and where the constant of
integration also as been chosen to keep ρk (zu) = ρk (zl)
when a = 0. The total fractionation is then the product
of all the individual pieces.
3. OPEN MAGNETIC FIELD
We first demonstrate the effects of shear and torsional
Alfve´n waves in open magnetic field. The basic chro-
mospheric model and Alfve´n wave propagation are illus-
trated in Fig. 1, and follow very closely the set up in
Laming (2012, 2015). The magnetic field is taken from
Banaszkiewicz et al. (1998) and matched to the chromo-
spheric magnetic field taken from Athay (1981). The
density profile is specified to match that in equation 3
of Cranmer & van Ballegooijen (2005). One departure
from previous work is that we now include an outward
flow velocity. This does not affect the Alfve´n wave prop-
agation much, since everywhere the flow is significantly
sub-Alfve´nic, but as will be seen below does have an ef-
fect on the generation of slow mode waves in the regions
of strong density gradient.
Equations 19 are integrated starting from 500,000
km altitude back to the chromosphere. At the coro-
nal start point, the outgoing Alfve´n waves dominate
(Cranmer & van Ballegooijen 2005). Five waves are sim-
ulated, with frequencies and amplitudes chosen to match
Fig. 3 in Cranmer et al. (2007) and for example Figs. 9
or 15 in Cranmer & van Ballegooijen (2005). The four
panels of Fig. 1 show the chromospheric portion of the
solution, with the density and temperature structure of
6 Laming
Fig. 2.— FIP fractionation for selected elements (left) and ponderomotive acceleration and associated slow mode wave amplitude, in
red, and to be read on the right hand axis (right). The top panels show results for shear Alfve´n waves, the lower ones for m = 0 torsional
Alfve´n waves. The flow velocity is taken to be 0.1 km s−1 at a chromospheric density of 1010 cm−3, and is insignificantly different from
the case with zero flow velocity.
ance profiles for various important elements (top right;
low FIP elements in black to be read on the left hand
y-axis, high FIP elements in red to be read on the right
hand y-axis), the left and right going wave energy fluxes
(bottom left) and the profiles of the components of the
Elsa¨sser variables (bottom right).
Figure 2 shows the elemental fractionations (left pan-
els) and the profiles of ponderomotive acceleration and
slow mode wave amplitude (right panels). The top half
shows the results for a shear Alfve´n wave, the bottom for
the torsional Alfve´n wave. The difference in fractionation
arises from the different coupling to the slow mode waves.
We have assumed an upward flow speed of 0.1 km s−1
where the chromospheric density is 1010 cm−3 (see below
for discussion and justification), which gives essentially
the same results for velocity put equal to zero. At an
altitude of 1200 km, the slow mode wave energy density
is about 1 erg cm−3, which if the wave is moving in one
direction only corresponds to a flux of about 5×105 ergs
cm−2s−1. Cranmer & Woolsey (2015) consider acoustic
waves fluxes of this magnitude (and larger) as a result of
ponderomotive driving by chromospheric Alfve´n waves,
although they do not compute the coupling explicitly.
Arber et al. (2016) and Brady & Arber (2016) do com-
pute this coupling, and also find ponderomotive accelera-
tions and slow mode wave amplitudes broadly consistent
with Fig. 2. These authors however do not see the re-
duction in slow mode wave amplitude in the region of
steep density gradient according to equation 17 above,
presumably because they model propagating slow mode
waves generated deeper in the chromosphere.
With the upflow speed increased to 1.0 km s−1 at a
chromospheric density of 1010 cm−3, the slow mode wave
amplitudes in the region of strong fractionation are de-
creased by the addition of the terms in U and U2 in
equations 15 and 18, and the fractionation is increased.
Interestingly there is now a stronger difference between
shear and torsional Alfve´n waves, with the latter pro-
ducing stronger fractionation. These results are summa-
rized in Table 1, and compared to various observations.
The “ACE” observations come from analysis of repro-
cessed data from the Advanced Composition Explorer
(ACE) by Pilleri et al. (2015), where we quote the coro-
nal hole measurements for solar maximum (1999-2001),
solar minimum (2006-2009), and for measurements dur-
ing 2001-2004, the period of operation of the Genesis
mission. The Ulysses results for polar coronal holes
(PCH) and low latitude coronal holes (CH) come from
a similar reprocessing of the Ulysses archive given in
von Steiger & Zurbuchen (2016), while the UVCS results
come from remotely sensed spectroscopic measurements
with the UltraViolet Corona-Spectrograph (UVCS) on
SOHO reported by Ko et al. (2006). Taking a proton
flux in the fast wind at 1 AU of ∼ 2×108 cm−2s−1 trans-
lates to a flux at the solar surface of ∼ 1013 cm−2s−1. At
a density of 1010 cm−3, the upward flow velocity implied
is 103/f cm s−1, where f is the area filling factor of the
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Fig. 3.— Sensitivity of the Fe/O fractionation presented as logarithmic contours in the upflow velocity - slow mode amplitude plane.
Left hand panel shows shear Alfve´n waves, right hand panel shows torsional Alfve´n waves. Fractionations greater than 2 that violate
observational values are shaded gray.
TABLE 1
Open Field Fractionations.
Ratio shear torsional ACE Ulysses UVCS
0 0.1 1.0 km s−1 0 0.1 1.0 km s−1 Solar Max. Genesis Solar Min PCH CH
He/O 0.75 0.75 0.74 0.74 0.74 0.71 0.51 0.48 0.45 0.45-0.55
C/O 0.97 0.99 0.98 1.00 1.02 1.04 1.11 1.15 1.16 1.22 1.23 0.9-1.1
N/O 0.88 0.89 0.88 0.88 0.89 0.87 1.11 1.11
Ne/O 0.80 0.81 0.79 0.80 0.81 0.79 0.57 0.60 0.67 0.63 0.63 0.3-0.4
Mg/O 1.13 1.15 1.18 1.57 1.67 2.40 1.89 1.61 1.37 1.55 1.54 0.95-2.45
Si/O 1.11 1.14 1.16 1.34 1.40 1.79 2.60 2.40 1.99 1.74 1.80 0.9-1.8
S/O 1.06 1.07 1.08 1.11 1.14 1.22 2.19 2.35
Fe/O 1.14 1.17 1.21 1.70 1.82 2.79 2.08 1.90 1.56 1.41 1.43 0.65-1.35
Note. — ACE observational results are from Pilleri et al. (2015), Ulysses results from von Steiger & Zurbuchen (2016), and UVCS from
Ko et al. (2006).
flow in the coronal hole, and the speeds taken above cor-
respond to f = 0.1 and f = 0.01.
The differences between shear and torsional Alfve´n
waves are explored further in Fig 3. Contours of the
Fe/O ratio are plotted in the parameter space defined by
the upward flow speed and the chromospheric slow mode
wave amplitude resulting from convection. Hitherto we
have assumed an amplitude of 7 km s−1, but here we
consider values between 4 and 9 km s−1. We also con-
sider a wider range of upflow speeds than above, tacitly
assuming that the upflow is driven by the J×B term in
the momentum equation, as would be the case for a Type
II spicule, leaving the chromospheric density profile un-
changed. Contours for shear Alfve´n waves are plotted in
Fig. 3a, and for torsional Alfve´n waves in Fig. 3b. The
shaded regions correspond to Fe/O > 2, and is the region
that would violate most observations of fractionation in
the fast wind. We can see that for shear waves, observa-
tional constraints can be satisfied for a much wider range
of upflow speeds and slow mode wave amplitudes than is
the case for torsional waves, because shear wave driver
generates more parametric slow modes that stabilize the
fractionation than does the torsional wave driver. Since
the slow mode wave amplitude in the chromosphere is
inevitably variable, (e.g. Heggland et al. 2011) we argue
that shear Alfve´n waves are more plausible.
Such an inference is of some interest.
Cranmer & van Ballegooijen (2005) describe how
photospheric sound waves can initiate kink oscillations
in flux tubes that travel up to the corona. Upon reaching
the corona where the initially isolated photospheric flux
tubes merge, the kink oscillation becomes Alfve´nic,
either Alfve´n or fast mode (depending on magnetic
geometry) and parallel propagating. In a homogenous
corona, these would be shear Alfve´n waves, whereas
inhomogeneity in the coronal plasma, or vortical photo-
spheric motions might result in torsional coronal Alfve´n
waves. Verth & Jess (2016), following Goossens et al.
(2014), illustrate how a kink mode may mode convert
to a m = 1 torsional Alfve´n wave. The difference
between shear and torsional waves is not necessarily
negligible. Vasheghani Farahani et al. (2012) argue
that torsional Alfve´n wave undergo a slower parallel
nonlinear cascade than do shear Alfve´n waves, which
could have implications for coronal heating and solar
wind acceleration, although the effect is largest when
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sound and Alfve´n speeds are equal.
Requerey et al. (2015) observe the dynamics of quiet
sun magnetic structures. In such cases, torsional os-
cillations act to stabilize multi-threaded magnetic fila-
ments, whereas planar perturbations corresponding to
the forcing by granular motions tend to shred the struc-
ture. The observed lifetimes and morphological changes
of magnetic flux concentrations strongly suggest pertur-
bation by granular convection, and not the characteris-
tic torsional oscillations of a thin flux tube, again con-
sistent with our inference above. On the other hand
Stangalini et al. (2017) see elliptically polarized kink os-
cillations of chromospheric small-scale magnetic elements
(SSMEs), which would reduce slow mode wave excitation
(circularly polarization would suppress it completely).
Lastly, several authors (e.g. De Pontieu et al. 2011)
have in recent years suggested that a significant fraction
of the solar corona and wind could be the result of chrom-
spheric spicules, more specifically “Type II Spicules”,
that accelerate material straight out of the chromosphere
at speeds up to 100 km s−1 (Mart´ınez-Sykora et al.
2013). Evidence exists for both transverse and torsional
oscillations (Sekse et al. 2013), though Raouafi et al.
(2016) suggest that the torsional motion might be due
to the unwinding of a flux rope rather than an actual
torsional wave. Observed amplitudes are comparable to
those in the open field model above. Figure 3 shows the
fractionations expected for shear and torsional waves, as-
suming the same wave spectrum as for the coronal hole
considered above. FIP fractionation essentially disap-
pears at upflow speeds comparable to the sound speed
(∼ 8 km s−1) and above, as seen for example in polar jets
by Lee et al. (2015). We follow Klimchuk & Bradshaw
(2014) and Lionello et al. (2016) and argue therefore that
Type II spicules cannot be a significant source of plasma
to supply the solar corona or slow speed solar wind, be-
cause no means exists within such a model to provide the
FIP fractionation. All fractionated plasma must move up
to the corona in a more gradual fashion.
4. CLOSED MAGNETIC LOOP
We now consider a closed magnetic loop, and demon-
strate the effect of a resonance in the coronal magnetic
structure. The loop is taken to be 75,000 km long, with a
coronal magnetic field of 10 G. The chromospheric upflow
speed at a density of 1010 cm−3 is 0.1 km s−1. Although
we do not consider the coronal consequence of this flow,
we presume it to be associated with evaporation, one of
the processes by which mass is supplied to the corona.
Figure 4 shows the fractionations (left) and ponderomo-
tive acceleration/slow mode wave amplitudes (right) for
this case. The top panels show a case with three minute
and five minute (see e.g. Heggland et al. 2011) Alfve´n
waves injected at the footpoint, here assumed to be shear
Alfve´n waves, and with similar amplitudes to those in the
open field case. The fractionation is in all respects very
similar to that in the open field case with the same flow
velocity of 0.1 km s−1 (see Fig. 2, and note the different
vertical scale). He/O is depleted by the same amount,
0.75, and a similarly weak FIP fractionation is produced.
The bottom panels show a case with one resonant wave
(taken to be a shear or torsional Alfve´n wave) with a
frequency ω = VA/L = 0.0435 rad s
−1 (the fundamental,
period = 2.4 minutes), presumed to have a coronal ori-
gin. The amplitude of the coronal wave in this model is
about 90 km s−1, at a density of about 7× 108 cm−3 at
the loop apex. Much stronger FIP fractionation results,
with a depletion of He/O by about 0.5.
Figure 5 shows in the top panel the fractionations and
ponderomotive acceleration/slow mode wave amplitudes
for a model where both sets of waves are present, i.e. the
three and five minute Alfve´n waves propagating up from
the footpoint and the coronal resonant wave. Here the
depletion of He/O is even stronger, at 0.4, but the FIP
fraction is now intermediate between the two cases above.
This arises because the extra slow mode waves produced
by the upcoming Alfve´n waves inhibit fractionation low
in the chromosphere, while the He depletion which occurs
only at the top of the chromosphere near the strong den-
sity gradient is relatively unaffected. The lower two pan-
els of Fig. 5 show the wave energy fluxes (left) and the
wave amplitudes δv and δB/
√
4πρ (right). In each case
the resonant coronal wave is shown as a black line, while
the nonresonant waves from the footpoint are shown as
red lines.
The results from Figs. 4 and 5 are summa-
rized in Table 2, and compared with various obser-
vations (Zurbuchen et al. 2002; von Steiger et al. 2000;
Bryans et al. 2009). The model chromosphere used here
(Avrett & Loeser 2008) connects with a fairly low den-
sity corona (few ×108 cm−3), resulting in high predicted
coronal Alfve´n wave amplitudes. Higher coronal den-
sities require lower coronal Alfve´n wave amplitudes to
produce the necessary FIP fractionation, with wave am-
plitude going approximately as 1/
√
ρ for a standing wave.
5. DISCUSSION AND CONCLUSIONS
In order to reproduce FIP fractionation, or deple-
tions of He/O beyond about 0.7, the presence of a
resonant Alfve´n wave appears necessary. Kasper et al.
(2012) and more recently Kepko et al. (2016) have iden-
tified slow speed solar wind regimes where the He abun-
dance (usually relative to H) can be as low as 1% - 2%.
Rakowski & Laming (2012) found that resonant waves
on longer loops with weaker magnetic fields produced
the most significant He depletions. While FIP fraction-
ation can come from coronal or photospheric waves, the
He depletion requires the ponderomotive acceleration to
be concentrated at the top of the chromosphere, where
He is neutral but where O and H are becoming ionized.
This only happens if waves are impinging on the chromo-
sphere from the top, and being reflected back upwards
again. This probable necessity of resonant waves implies
a coronal origin for the waves, presumably as a result of
nanoflares (e.g. Dahlburg et al. 2016).
The importance of resonant waves is emphasized fur-
ther in Fig. 6. The left panel shows the fractionations
of Fe/O and He/O as a function of wave frequency for
the model loop introduced above. The calculations are
normalized so the same total wave energy is present in
the chromosphere-loop-chromosphere structure, just dis-
tributed differently as the resonant properties change.
At the loop fundamental, (0.0435 rad s−1) and the first
harmonic, the Fe/O fractionation increases to about 4-8,
and the He/O ratio decreases to about 0.5. In between
these resonances, He/O is close to being unfractionated,
while a mild FIP effect appears in Fe/O, comparable to
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Fig. 4.— Fractionations (left) and ponderomotive acceleration/slow mode wave amplitude (right) for a closed loop. The top panels show
the case with similar waves (assumed shear) injected upwards from one footpoint as in the open field case. The bottom panels show the
case with one wave resonant with the loop, developing higher ponderomotive acceleration and fractionation. Slow mode amplitudes are
indicated for both shear (dotted) and torsional (dashed) resonant waves.
open field values (see Table 1). Notice also that the res-
onances in the fractionation are not sharp. They have a
finite width of order 0.01 rad s−1, a significant fraction of
the wave angular frequencies themselves, since the waves
reflect from a range of chromospheric heights and not
from a sharp boundary. These resonances would be even
broader if we allowed for coronal wave damping, by in-
troducing an imaginary part in the wave frequency. The
important point about the width of these resonances is
that while resonance is required, such that a coronal wave
origin is most likely, it need not be precise. Changes in
the loop resonant frequency due to changes in magnetic
field by reconnection, or changes in loop plasma density
due to chromospheric evaporation are unlikely to destroy
the fractionation, except arguably in flares.
The right panel of Fig. 6 shows a similar calculation
but this time with just the 3 and 5 minutes waves, with
fractionation shown as a function of loop length. An “ac-
cidental” resonance occurs at a loop length of 100,000
km, where the three minute waves can become trapped
in the loop. At this location, the Fe/O fractionation in-
creases and the He/O ratio decreases, similarly to the
resonances above. The fractionation pattern at 100,000
km is given in the fifth column of Table 2. Since a large
fraction of the wave travel time from one footpoint to
the other occurs inside the chromosphere at each end, the
corresponding resonance for the five minutes wave occurs
not at 5/3 times 100,000 km but at a loop length longer
than 200,000 km. The coronal magnetic field in these
examples is rather weak, at 10 G, and the loop lengths
required for resonance are rather long, so it appears un-
likely than an “accidental” resonance with photospheric
three or five minute wave will happen frequently in a
realistic coronal loop. Instead, an explanation of loop
resonance in terms of waves generated within the coro-
nal loop appears more plausible.
Candidate processes for production of Alfve´n
waves in the solar corona are Alfve´n resonance
(e.g. Ruderman & Roberts 2002) or nanoflares (e.g.
Dahlburg et al. 2016). In the former case torsional
m = 1 Alfve´n waves result from the mode conversion
of a kink oscillation at the plasma layer within a loop
where the Alfve´n wave transit time from one loop
footpoint to the other matches the kink oscillation
period (e.g. Jess & Verth 2016). In the latter case
the shear Alfve´n waves could also be produced. The
different FIP fractionations produced by shear and
torsional Alfve´n waves appear to be too subtle for
a reliable diagnosis of the Alfve´n wave polarization.
More promising seems to be the observations of strong
non-thermal line broadening spatially coincident with
regions of strong FIP fractionation in an active region
observed by Baker et al. (2013). The line broadening is
presumably due to longitudinal waves, being observed
just above loop footpoints on the solar disk. With this
interpretation, shear Alfve´n waves are favored by the
wave amplitudes required. Torsional Alfve´n waves do
not produce strong enough slow modes to match the
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Fig. 5.— Top panels show fractionations (left) and ponderomotive acceleration/slow mode wave amplitude (right) for a closed loop with
both a resonant wave and three and five minute waves injected from the footpoint. Bottom panels show the wave energy fluxes (left), with
the resonant wave in black and the three and five minute photospheric waves in red, and components of the Elsa¨sser variables (right), with
real parts in black, imaginary parts in red.
observations.
The preference for shear Alfve´n waves generated in the
corona suggests a nanoflare heating model. Based partly
on the simulations in Dahlburg et al. (2016; see also Kig-
ure et al. 2010), we argue that coronal nanoflares release
Alfve´n waves and heat. The Alfve´n waves cause FIP frac-
tionation at loop footpoints magnetic connected to the
nanoflare site, followed by evaporation as the electrons
conduct the heat down to the chromosphere. In such
a scenario, the waves are likely to be in resonance with
the coronal loop, reproducing the fractionation as shown
in Fig. 6. The reconnection of a closed loop filled with
plasma in such a manner with open field is most likely
the source of the slow speed solar wind (e.g. Lynch et al.
2014; Raouafi et al. 2016). Also such a scenario will re-
quire a coronal Alfve´n speed greater than the speed of
electron thermal conduction. It is possible that this re-
quirement is easier to meet in longer loops, where the
thermal conduction front has to travel further to the loop
footpoints and can become more degraded with distance.
Much more work remains to be done on coronal abun-
dance anomalies and the associated wave physics respon-
sible for them. This paper makes an attempt to show
how the physics of the fractionation places constraints
on the mechanism of coronal heating and mass supply in
completely complementary ways to traditional methods
of observation and inference. The focus on the Alfve´n
waves and their polarizations and resonance probes dif-
ferent properties of the coronal heating mechanism, and
in connection with in situ observations may also be hoped
to yield insight into the origin of the solar wind in the
forthcoming era of the Parker Solar Probe and Solar Or-
biter.
This work has been supported by NASA HSR grants
(NNH16AC39I and NNH13AV38I) and by Basic Re-
search Funds of the CNR.
APPENDIX
ALTERNATIVE ROUTES TO THE PONDEROMOTIVE FORCE
Laming (2009, 2015) give derivations by writing down the Lagrangian for a system of particles and waves, and using
the known result for the partitioning of energy between kinetic, magnetic and electric in an Alfve´n wave. In subsection
2.2 above, it is derived from the MHD momentum equation. Curiously, the more fundamental form of the expression
does not come directly from the MHD equation, but requires further manipulation.
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TABLE 2
FIP Fractionations in Closed Magnetic Field
models 75,000km 100,000 km observations
Ratio bkgd cor bkgd+cor bkgd a b c
He/O 0.75 0.46/0.44 0.41/0.40 0.21 0.68-0.60 0.29-0.75
C/O 0.95 1.07/1.07 0.98/0.97 0.99 1.36-1.41 1.06-1.37
N/O 0.87 0.74/0.74 0.72/0.72 0.55 0.72-1.32 0.22-0.89
Ne/O 0.79 0.60/0.60 0.56/0.56 0.36 0.58 0.38-0.75
Na/O 1.10 3.68/3.77 2.07/2.08 5.48 7.8+13
−5
Mg/O 1.08 3.11/3.31 1.90/1.91 4.38 2.58-2.61 1.08-2.36 2.8+2.3
−1.3
Al/O 1.08 2.91/3.08 1.93/1.94 4.45 3.6+1.7
−1.2
Si/O 1.07 2.40/2.51 1.77/1.79 3.55 2.49-3.11 1.36-3.24 4.9+2.9
−1.8
S/O 1.02 1.51/1.54 1.37/1.38 1.88 1.62-1.92 1.23-2.68 2.2±0.2
K/O 1.10 3.94/4.30 2.17/2.20 6.11 1.8+0.4
−0.6
Ca/O 1.10 3.90/4.26 2.17/2.19 6.13 3.5+4.3
−1.9
Fe/O 1.09 3.79/4.13 2.17/2.20 6.00 2.28-2.90 0.96-2.46 7.0+1.4
−1.2
Note. — From left to right, model FIP fractionations correspond to those in Figs. 4 (top and bottom) and 5 (top). For each model,
the entries are that for three and five minute nonresonant waves (bkgd), one resonant wave (cor), and the combination of one resonant and
two nonresonant waves (bkgd+cor), respectively. Observational ratios are taken from, (a) Zurbuchen et al. (2002), given relative to O, (b)
von Steiger et al. (2000), relative to O, and (c) Bryans et al. (2009), given relative to the mean of O, Ne and Ar. Ranges quoted from von
Steiger et al. (2000) include their uncertainties.
Fig. 6.— Left: Fractionations of Fe/O (dashed lines) and He/O (solid line) as a function of coronal wave frequency for the model 105
km loop. At the fundamental and first harmonic the Fe/O maximizes and the He/O minimizes, coming closest to observations at these
points. Right: Same fractionations as a function of loop length for 3 and 5 minute footpoint waves. The resonance at 105 km corresponds
to 3 minute waves entering the loop.
First, consider the force per unit volume, fz on the polarization and magnetization induced by turbulence in the
plasma
fz = δP · ∂δE
∂z
+ δM · ∂B
∂z
. (A1)
We put δP = (ǫ− 1) δE/4π and δM = −∂F/∂B where F = −ǫδE · δE/8π is the magnetic Helmholtz Free Energy of
the plasma in the presence of the wave (see equation 14.1 in Landau et al. 1984). Substituting,
fz =
ǫ− 1
4π
δE · ∂δE
∂z
+
∂ǫ
∂B
δE · δE
8π
∂B
∂z
=
ρc2
2B2
∂δE2
∂z
− ρc
2δE2
B3
∂B
∂z
=
ρc2
2
∂
∂z
(
δE2
B2
)
(A2)
where we have put ǫ = 1 + ω2pi/Ω
2
i = 1 + c
2/V 2A = 1 + 4πρc
2/B2, the only wave property required in this approach.
Lundin & Guglielmi (2006) give a similar treatment, but based on single particle dynamics in the external magnetic
field (0, 0, Bz) and the electric field of the Alfve´n wave (δEx exp iωt, 0, 0). With
iωmvx= eδEx + evyBz/c
iωmvy=−evxBz/c, (A3)
the Lorentz force on a particle of mass m and charge e, we solve to find
vx=− iωeδEx/m
ω2 − Ω2
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vy=
ΩeδEx/m
ω2 − Ω2 . (A4)
The electric field in the z-direction which produces the ponderomotive force is δEz = −vxδBy/c, where δBy is the
internal magnetic field of the wave, so the total ponderomotive force on a single particle f˜z is given by
f˜z = −evxδBy/c+M∂B
∂z
(A5)
where δBy = (ic/ω)∂δE/∂z and M = exvy/c = evxvy/iωc is the magnetic moment of the particle. Substituting
f˜z = −e
2δEx/m
ω2 − Ω2
∂δE
∂z
− e
3
m2c
δE2xΩ
(ω2 − Ω2)2
∂B
∂z
(A6)
which for ω << Ω reduces to
f˜z =
mc2
2
∂
∂z
(
δE2x
B2
)
. (A7)
Alternatively, and more generally, Pitaevski˘i (1961) and Washimi & Karpman (1976) consider the change induced
in ǫ, and hence F , the total free energy, by the passage of a wave. With F0 taken to be the the total plasma free
energy in the absence of wave fields,
δǫ=− (δr · ∇) ǫ− ∂ǫ
∂ρ
δρ∇ · δr+ ∂ǫ
∂B
(δr · ∇)B (A8)
δF0=− (δr · ∇)F0 − ∂F0
∂ρ
δρ∇ · δr (A9)
where a term in ∂F0/∂B = 0 in the absence of waves and plasma magnetization. Then the perturbed plasma free
energy with waves present, δF , is
δF =
∫
δF0 − δE
2
8π
δǫdV =
∫
(δr · ∇)
[
−F0 + ∂F0
∂ρ
δρ− δE
2
8π
∂ǫ
∂ρ
δρ
]
− δE
2
8π
[
− (δr · ∇) ǫ+ ∂ǫ
∂B
(δr · ∇)B
]
dV, (A10)
where terms involving A∇ · δr where A is a scalar have been integrated by parts to give −δr · ∇A. Equating δF =
− ∫ f · δrdV yields
f =−∇
[
∂F0
∂ρ
δρ− F0
]
+
1
8π
∇
(
δE2ρ
∂ǫ
∂ρ
)
− δE
2
8π
[
∇ǫ− ∂ǫ
∂B
∇B
]
(A11)
=−∇δP + 1
8π
∇ ((ǫ− 1) δE2)− δE2
8π
[
∇ǫ− ∂ǫ
∂B
∇B
]
. (A12)
For an Alfve´n wave, δP = 0, ǫ = 1+4πρc2/B2 (again, the only wave property required, like the first derivation above)
and
f =
ǫ− 1
8π
∇δE2 − ρc
2
B3
∇BδE2 = ρc
2
2
∇δE
2
B2
. (A13)
TORSIONAL ALFVE´N WAVES
We summarize the magnetic field and velocity perturbations in a torsional Alfve´n wave in cylindrical symmetry.
The perturbed magnetic field, δB is
δB = ∇×(ξ ×Bz) = Bz
iω
∂δvr
∂z
cosmφrˆ+
Bz
iω
∂δvφ
∂z
sinmφφˆ−mBzδvφ
iωr
cosmφzˆ− Bz
iωr
∂
∂r
(rδvr) cosmφzˆ =
Bz
vA
(
δvr rˆ+ δvφφˆ
)
(B1)
where we take ∇ · δv = 0, and δvr independent of r. Hence δvr = −mδvφ and the fluid displacement ξ = δv/iω =
(δv0/iω)
(
−m cosmφrˆ ++sinmφφˆ
)
exp (iωt+ ikz).
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